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Abstract
Correlators of Wilson loop operators with O4 = Tr(F 2µν + · · ·) are computed in
N = 4 super-Yang-Mills theory using the AdS/CFT correspondence. The results
are compared with the leading order perturbative computations. As a consequence of
conformal invariance, these correlators have identical forms in the weak and strong cou-
pling limits for circular loops. They are essentially different for contours not protected
by conformal symmetry.
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The conjectured duality of N = 4, D = 4 super-Yang-Mills theory (SYM) to supergrav-
ity on AdS5 × S5 gives rise to the possibility of obtaining quantitative information about
the former theory in the limit of infinite ’t Hooft coupling [1, 2, 3, 4]. Though this is a
regime which is inaccessible to conventional perturbative field theory methods, some of the
results obtained from the AdS/CFT correspondence can be tested by non-renormalization
theorems which protect certain correlation functions from gaining radiative corrections [4]‡.
The quantities not protected by supersymmetry probe the genuine strong-coupling dynam-
ics of the SYM theory. An example of such a quantity is the interaction potential between
static charges. The Coulomb form of the potential is dictated by the conformal invariance of
N = 4 SYM, but the strength of the interaction is not fixed by any symmetry and appears
to be proportional to
√
g2N at strong coupling [16, 17] in contrast to the weak-coupling
O(g2N) behavior.
The purpose of the present paper is to study the structure of the electric field induced
by static charges in the vacuum. The static charges are introduced by a Wilson loop. The
one appropriate for supergravity calculations corresponds to the phase factor acquired by an
infinitely heavy W-boson propagating in background gauge and scalar fields [16, 18]:
W (C) =
1
N
TrP exp
∮
C
dτ (iAµx˙µ + Φiy˙i), (1)
where the Aµ are U(N) gauge fields and the Φi are scalars in the adjoint representation,
both represented by Hermitian matrices. Moreover, y˙i =
√
x˙2θi where θi is a point on the
five-dimensional sphere: θ2 = 1.
The form of the coupling to scalars in (1) is natural from several points of view [18, 19].
In particular, this Wilson loop operator is annihilated by half of the supercharges if C is a
straight line [18]. On the other hand, closed Wilson loops are generally not supersymmetric.
A circular loop, however, is a special case since it can be mapped to a straight line by a
conformal transformation. The straight line Wilson loop operator commutes with half of
the supersymmetry generators. Thus, circular loops are annihilated by a combination of
supercharges twisted by conformal transformations§:
Q˜α = Ω(C)
†QαΩ(C), (2)
where Ω(C) is an unitary operator implementing a conformal transformation that maps C
to a line. Since conformal invariance is an exact symmetry of the N = 4 SYM vacuum,
Ω|0〉 = |0〉 and the twisted supercharges annihilate the vacuum: Q˜α|0〉 = 0, along with
the original supersymmetry generators Qα. If the Wilson loop has a different geometry,
‡Various non-renormalization theorems for N = 4 SYM are discussed in [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15].
§In discussing supersymmetry, it is convenient to consider N = 4 SYM theory as a reduction of ten-
dimensional N = 1 theory. Then the supercharges are the components of a ten-dimensional Majorana-Weyl
spinor Qα. The gauge potentials and the scalar fields form a ten-dimensional vector: AM = (Aµ,Φi). The
supercharges act on gauge potentials as [Qα, AM ] =
i
2
(ΓMΨ)α, where ΓM are Dirac matrices and Ψ is
the ten-dimensional Majorana-Weyl fermion, the reduction of which to four dimensions gives the fermionic
content of N = 4 SYM theory. The supersymmetry transformation of a Wilson loop produces degenerate
combination of the Dirac matrices [18]: ǫ¯X˙MΓMΨ, X
M = (xµ, iyi), since X˙2 = 0. An appropriate choice of
ǫ turns the variation of a Wilson loop to zero if X˙M is constant, that is, if C is a straight line.
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generically there is no residual supersymmetry. This is the case for a loop consisting of two
infinite anti-parallel lines; this loop corresponds to a static electric dipole.
The structure of electric field induced by the charges can be probed by local gauge
invariant operators, like TrF 2µν . On the supergravity side,
O4(x) = 1
2g2
Tr
{
F 2µν + [Φi,Φj ]
2 + ψ¯Γi[Φi, ψ]
}
(3)
couples to the dilaton. We consider the correlator of the Wilson loop with O4(x):
W(C, x) = − 〈W (C)
1
2g2
Tr(F 2µν(x) + · · ·)〉conn
〈W (C)〉 , (4)
where the dots denote the scalar and the fermionic terms required to put the operator in the
short multiplet of N = 4 SUSY. The correlator (4) probes the local electric field induced
by non-dynamical charges whose trajectories form the loop C. This correlator has been
discussed in the context of the AdS/CFT correspondence in the limiting case when the
distance from the point x to the loop C is large and the Wilson loop can be expanded in
local operators [20]. The correlator (4) was also used to demonstrate that, in the finite-
temperature, confining phase of strongly coupled N = 4 SYM, the classical string in the
bulk is projected onto an electric flux tube, stretched between static charges, which has
thickness on the order of the correlation length [21]¶. In the conformal theory, the correlator
must fall-off as a power of the distance from the loop. At weak coupling, the correlator
decreases with distance as 1/d6, since the the classical electric field of the dipole falls off as
1/d3. We shall show that the correlator obeys a different power law at strong coupling.
At strong coupling, correlators in the SYM theory are described by classical supergravity
on AdS5 × S5. We choose units in which the radius of AdS5 is unity. The metric on
AdS5 × S5 in these units is
ds2 =
1
z2
(
dz2 + dxµdxµ
)
+ dΩ2
5
. (5)
The Wilson loop on the boundary of AdS5 at z = 0 creates the classical string in the bulk;
it is the surface of minimal area bounded by the loop [16, 17]. The correlation function
(4) is given by the dilaton propagator with one end attached to the point x and the other
integrated over the minimal surface spanning the loop C [20]:
Wg→∞ ∝
√
g2N
∫
d2σ
√
detG
Z4
[Z2 + | ~X − ~x|2]4 , (6)
where Gab = gMN∂aY
M∂bY
N is the metric induced on the minimal surface. The surface is
parameterized by coordinates Y M =
(
Z(σ), Xµ(σ)
)
in AdS5.
At weak coupling, the correlator (4) is given by the lowest-order Feynman diagram:
Wg→0 = g
2N
4
∮
C
dyµ
∮
C
dzν
[
δµν
∂
∂xλ
1
4π2|~x− ~y|2
∂
∂xλ
1
4π2|~x− ~z|2
− ∂
∂xν
1
4π2|~x− ~y|2
∂
∂xµ
1
4π2|~x− ~z|2
]
. (7)
¶More applications are discussed in [22].
3
We start with the supersymmetry preserving circular loop. At weak coupling, we find:
Wg→0 = g
2N
4π2
R4
[(y2 + r2 −R2)2 + 4R2y2]2 , (8)
where R is the radius of the loop, r is the radial coordinate of the point x, and y is the
distance from x to the plane of the loop. This expression coincides with the result of the
strong-coupling supergravity calculation given in [20]:
Wg→∞ ∝
√
g2N
R4
[(y2 + r2 − R2)2 + 4R2y2]2 . (9)
The functional form of the correlator of Tr(F 2 + · · ·) with the circular loop appears not to
be renormalized. Actually, this non-renormalization property is a consequence of conformal
symmetry. Although the scale invariance only fixes the above correlator up to a function of
two dimensionless ratios of the parameters r, R and y, the conformal transformation which
maps the circle to the line reduces the number parameters to one, the distance d between
the point and the line. The correlator of Tr(F 2µν + · · ·) with the Wilson line is determined
by the dimension of the dilaton operator and is proportional 1/d4. Transforming the line to
the circle we get (8) with an overall coefficient which can depend only on the coupling. The
distinguished role of the supersymmetry preserving circular loops is reflected in the fact that
minimal surface in AdS5 bounded by it has a very simple form [18, 20]. The minimal surfaces
bounded by contours which do not have such nice conformal properties are generically more
complicated [16, 17, 23, 18]. We will find that for such contours the electric field profile
probed by the correlator (4) is renormalized in a non-trivial way.
We consider the loop composed of antiparallel infinite lines. The leading-order perturba-
tive result for the correlator with the dilaton operator in this case is
Wg→0 = g
2N
64π2
{
1
[y2 + (d− L/2)2]2 − 2
y2 + d2 − L2/4
[y2 + (d− L/2)2]3/2[y2 + (d+ L/2)2]3/2
+
1
[y2 + (d+ L/2)2]2
}
=
g2N
4
[
∂
∂xi
(
1
4π|x− L/2| −
1
4π|x+ L/2|
)]2
, (10)
where L is the distance between the lines; d is the distance, in the plane of the lines, between
the point x and the line midway between the two lines; and y is the distance between x and
the plane of the lines: L = (0, L, 0, 0), x = (0, d, y, 0).
An expression for the minimal surface whose boundary is the two lines is given in [16]:
x = Z0
∫ Z0/Z
1
du
u2
√
u4 − 1 , (11)
with
Z0 =
L
2
[∫ ∞
1
du
u2
√
u4 − 1
]−1
=
L
2
Γ(1/4)2√
2π3/2
. (12)
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Figure 1: Wg→∞ (the shorter peak) and Wg→0 (the taller peak), drawn as a function of y
with L = 1 and d = 0. The heights are normalized so that the area under each curve is equal
to unity. Note that asymptotically the Wg→∞ falloff is actually faster (y−7 versus y−6).
From (6) we find:
Wg→∞ ∝
√
g2N Z2
0
∫ ∞
−∞
dt
∫ L/2
−L/2
dx
1
[Z2 + y2 + (x− d)2 + t2]4
∝
√
g2NL2
∫ L/2
−L/2
dx
1
[Z2 + y2 + (x− d)2]7/2 , (13)
where y, L, and d are as before.
This result is clearly different than that of the perturbative calculation. In particular,
we can consider the asymptotic behavior of each result when the distance to the point x is
much larger than the separation between the charges L. Expanding (13) in L gives
Wg→∞ ∝
√
g2N L3
(y2 + d2)7/2
+O(L5). (14)
The perturbative correlator (10) is just the field strength of electric dipole squared and is
proportional to L2 for small L:
Wg→0 = g
2N
64π2
(4d2 + y2)L2
(y2 + d2)4
+O(L4). (15)
Thus, the two correlators obey different power laws at large d, with Wg→∞ falling off as d−7
and Wg→0 falling off as d−6. Figure 1 shows the form of the correlator (4), as a function of
y, at strong and weak coupling, for d = 0.
However, the leading singularity as the point x approaches the loop obeys the same power
law in the weak and the strong coupling limits. In both cases, the correlator behaves as ǫ−4,
where ǫ = d−L/2 is the distance from the loop, as can be checked from (10) and (13). This
is to be expected as the dimension of the dilaton operator is not renormalized.
To conclude, we have calculated correlators of Wilson loops with the dimension four chiral
operator Tr(F 2 + · · ·) in N = 4 SYM. We have compared the perturbative expression with
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the strong coupling result predicted by the AdS/CFT correspondence. The correlator for a
circular loop has the same functional form in both regimes, whereas the answer is completely
different for antiparallel Wilson lines. Even the asymptotic form of the correlator at infinity
appears to be modified.
Finally, we observe that the coupling constant dependence of W(C, x) at large N is
natural and is related to the strong coupling limit of the Wilson loop expectation value.
Indeed, O4 is related to the action density of super-Yang-Mills theory if we add terms which
are a total divergence, and use the equations of motion for the scalar and fermion fields.
Thus, the integral of (4) over the coordinate point x is related to the derivative of the
expectation value of the Wilson loop by the coupling constant,
∫
d4xW(C, x) = g2 ∂
∂g2
lnW (C) (16)
Also, we see from (6) that, in the g → ∞ limit, this integral of W(C, x) is equal to π2/6
times the minimal area of the surface. Thus, if the Wilson loop correlator at strong coupling
is lnW (C) =
√
4πg2YMN then we would expect that W(C, x) = 3
√
4πg2YMN/π
2.
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